This paper deals with the study of axisymmetric wave propagation in various acoustic / porous stratified media coupling configurations. It presents the theoretical developments of a semi-analytical method, its validation for a limit test-case half-space ground, and an extension to a realistic multilayered seabed, when spherical waves are emitted from a transient point source in water.
Multilayered porous medium 48
The poroelastic media Ω n are modeled using the Biot theory [1, 4, 5] . For homogeneous and isotropic layers, the physical parameters do not depend on the spatial coordinates and can be listed as follows: for the saturating fluid, dynamic viscosity η and density ρ f ; for the elastic skeleton, density ρ s and shear modulus µ as well as connected porosity φ, tortuosity a, absolute permeability κ, Lamé coefficient of the dry matrix λ, and two Biot coefficients β and m. Based on the constitutive equations and the conservation of momentum in porous media, one obtains
where * denotes a convolution product in time. Υ is a time-dependant viscosity correction factor describing the transition behaviour from viscositydominated flow in the low-frequency range towards inertia-dominated flow at high-frequency range [12] . u, U and w = φ (U − u) are the solid displacement, the fluid displacement and the relative displacement vectors, respectively. I is the identity tensor, σ is the stress tensor, ε = 1/2 (∇ u + ∇ t u)
is the strain tensor, and p is the pore pressure. ρ = φ ρ f + (1 − φ) ρ s is the total density. The overlying dot denotes the derivative in terms of time t. Pressure and stress components are eliminated from Eqs. (1a)-(1b) and substituted in Eqs. (1c)-(1d), giving a (u, w) second-order wave formulation [9, 10] . By introducing the Helmholtz potentials for the solid (ϕ, Ψ) and relative (ϕ r , Ψ r ) displacements, the wave formulation yields a system of partial differential equations associated to these potentials as follows
Note that when projecting in the axisymmetric geometry, only the θ coordi-49 nate is useful for the vector potentials: Ψ r = ψ θ r (r, z, t) e θ .
50
For an axisymmetric configuration, it is relevant to introduce the nth or- 
where ξ is the transform Hankel parameter, ω the radial frequency and J n 55 the nth order Bessel function of the first kind.
56
In the following, we perform a Fourier transform in time of Eqs. (2a)-(2b)-
57
(2c)-(2d). Then, a 0th-and 1st-order Hankel transform is applied to the 58 scalar and vector potentials, respectively. From equation (2b), a proportion-59 ality relation between ψ θ r * 1 (ξ, z, ω) and ψ θ *
Similarly, relative and absolute scalar potentials are linked by
where j = 1, 2. The formulation of Eqs. (2c) and (2d) in the doubly trans-65 formed domain results in two coupled partial differential equations relative 66 to the P 1 and P 2 compressional waves, defined as
where
, stiffness, mass and damping matrices being
From Eqs. (5) and (7), we introduce global wavenumbers k S and k Pj by the 
to system (7), yields the dispersion relation when the determinant of matrix is 75 equal to zero. Then, the general solution relative to the solid phase Helmholtz 76 potentials of system (5)-(7) can be written as
where I and R state the 'incident' (or downward) and the 'reflected' (or 79 upward) waves, respectively.
80
The choice of an upward (z) axis, implies that the conditions m{k zS } ≥ 0 81 as well as m{k zP j } ≥ 0 (j = 1, 2) should be satisfied to have a bounded 82 field far away from the ground surface (z −→ −∞).
83
Besides, for an axisymmetric geometry
Obviously, analogous expressions are obtained for the radial and vertical relative displacement components of vector w by substituting Helmholtz potentials for the solid displacement by relative ones.
Then, the expressions of u r * 1 and u z * 0 as functions of the scalar 'incident' and 'reflected' Helmholtz potentials, are obtained from Eqs. (10)-(11) substituted in Eqs. (12)-(13). The same developments are performed for w r * 1 and w z * 0 with relative Helmholtz potentials. In the present axisymmetric configuration, the exact stiffness matrix approach is based on vectors of transformed displacement and stress components [9, 10], defined as
By using matrix notations, after setting Φ * I/R = ( ϕ * I/R
where Φ * I/R are modified potentials to have a better conditioning of Eq.
88
(14) [9] . Mat I/R = mat onal matrix. h n = z n−1 − z n > 0 is the height of a specific layer "n" bordered 94 by the upper and the lower depth coordinates, z n−1 and z n , respectively.
95
Using the Biot behaviour law, stress components can be expressed in 96 terms of transformed displacements
transformed domain is
Then, the relation between stresses and Helmholtz potentials is given by
where S I/R = s
Finally, analytical expressions for transformed displacement vectors are 106 written in condensed form as
A conventional assembling technique between the layers is then performed 108 [14, 15] . As [T layer n ] is a 6 × 6 matrix, the global resulting matrix system has 109 dimension 3(N + 1) × 3(N + 1).
Acoustic medium
This part presents the analytical model formulation of wave propagation 112 coming from an acoustic point source applied at O s (Fig. 1) , in the water 113 semi-infinite domain Ω 0 , characterized by celerity of waves c and by density 114 ρ f , assumed to be the same as in the porous media Ω n .
115
The acoustic equations are written as follows
where p is the acoustic pressure, U is the fluid displacement and s(r, z, t) is 
Then, the partial differential equation relative to the pressure wave is ob- 
The solution to the above inhomogeneous equation results in the summation 
129
On the one hand, the complementary part of the solution is given by
(iii) Rewriting the principal part of the solution gives
where [16] 142 
Solution (28) The geometry under study leads to a set of interface equations along the 152 N plane interfaces z n (n = 0, · · · , N − 1). For this purpose, we denote [g] n 153 the jump in a function g from Ω n to Ω n+1 across z n as
154
[g] n = lim ε→0,ε>0 g(r, z n + ε, t) − lim ε→0,ε>0 g(r, z n − ε, t)
-The porous / porous interfaces z n (n = 1, · · · , N − 1) are assumed to be in 
where K is the hydraulic permeability of the interface. 
Eq. (32) is assembled to Eq. (19) to give the radial and vertical solid and 
The integral over the radial wavenumber, which presents an oscillatory be-172 havior due to factor J 0 (ξr) and for which the envelope of the maximum am- In this section, we propose firstly to validate the above theoretical for-185 mulation by using a half-space porous medium such as in [8] . To do that, 
whereα = ω 0 /2 andβ = t s , ω 0 = 2πf 0 (f 0 = 1.0 × 10 3 Hz) and t s = 2.5 × 198 10 −3 s being, respectively the central angular frequency and a shift in time.
199
As regards time evolution of pore pressure and fluid pressure, Fig. 2 The regarded configuration is built from mechanical data taken from [20, 21] . It corresponds to a more realistic description of a seabed. To model the stratified ground and to illustrate the capabilities of our approach, we have chosen a ten layer geometry coupled to a half-space configuration. In the porous medium, the unchanged parameters are: a = 1.25, ρ s = 2.65 × Pa. From one stratum to another, only one of these three parameter values is modified as indicated in Tab. 1, as well as the related ones. The two Biot coefficients β and m are given by
Parameters relative to the nature of the point source and to the water are 206 the same as for the half-space test-case situation, the only differences are: Half-space + ∞ 0.2 1 × 10 −12 1 × 10 9 In contrast, Fig. 4 clearly proves that the hydraulic permeability coefficient 212 value has a strong impact on temporal variation of the vertical displacement 213 at z = − 1 cm observation height, in the first layer of the seabed. Note 214 that this trend is very attenuated when considering stresses in the seabed, 215 not shown here.
216
Besides the comparison beween Fig. 4 and Fig. 5 highlights the multiple 217 wave reflections at the porous / porous intefaces in the seabed. In addition, the confrontation between half-space and multilayered results yields higher differences in the intermediate case than those obtained in the extreme situ-220 ations.
